AUTHOR QUERY FORM

AIP

Journal: Chaos Please provide your responses and any corrections by

/ = = annotating this PDF and uploading it to AIP’s eProof
~=, Publishing

Article Number: CHA24-AR-01496 website as detailed in the Welcome email.

Dear Author,

Below are the queries associated with your article; please answer all of these queries before sending the proof back to AIP.

Article checklist: In order to ensure greater accuracy, please check the following and make all necessary corrections before returning your

proof.

1. Is the title of your article accurate and spelled correctly?
2. Please check affiliations including spelling, completeness, and correct linking to authors.
3. Did you remember to include acknowledgment of funding, if required, and is it accurate?

Location in

Query / Remark: click on the Q link to navigate to the appropriate

article spot in the proof. There, insert your comments as a PDF annotation.

Q1 Please check that the author names are in the proper order and spelled correctly. Also, please ensure that each
author’s given and surnames have been correctly identified (given names are highlighted in red and surnames
appear in blue). |OK

Q2 In the sentence beginning “As pointed out...,” please verify that “previous section” refers to Sec. I. Sec IA

Q3 In the sentence beginning “The same network architecture...,” please verify that “previous section” refers to
Sec. IITA. [OK

Q4 Please provide page number for Ref. 19. |pp 1-14 I

Q5 Please provide publisher’s name for Refs. 23 and 42. for 23 is Curran Associates,

Please confirm ORCIDs are accurate. If you wish to add an for 42, The International MaChlr]e lea

rning society

may do so now. For more information on ORCID, see https://orcid.org/.

F. Fainstein-0000-0002-3700-0106
G. B. Mindlin-0000-0002-7808-5708 OK
P. Groisman-0009-0006-7970-356X

Please check and confirm the Funder(s) and Grant Reference Number(s) listed:

Agencia Nacional de Promocién de la Investigacion, el Desarrollo Tecnoldgico y la Innovacién,
PICT-2018-00619

Secretaria de Ciencia y Técnica, Universidad de Buenos Aires

Consejo Nacional de Investigaciones Cientificas y Técnicas

Please add any additional funding sources not stated above:

Thank you for your assistance.

Additional comment: "figures should be one-column width"

in line 89 is should say "the Rossler attractor" instead of "a Rossler attractor"
in line 110 it should say "superscripts" inestead of "subscripts"

in 285 it should say "that have no activation functions" instead of "they"

in 369, it should say "for a given footage" instead of "for given footage"

in 389, it should say "... loss function" (not "loss functions")



gabrielmindlin
Text Box
OK

gabrielmindlin
Cross-Out

gabrielmindlin
Text Box
Sec  IA


gabrielmindlin
Text Box
OK

gabrielmindlin
Text Box
pp 1-14

gabrielmindlin
Text Box
for 23 is Curran Associates,
for 42, The International Machine learning society

gabrielmindlin
Text Box
OK

gabrielmindlin
Text Box
Additional comment: "figures should be one-column width"

in line 89 is should say "the Rossler attractor" instead of "a Rossler attractor"
in line 110 it should say  "superscripts" inestead of  "subscripts"
in 285 it should say "that have no activation functions" instead of  "they"
in 369, it should say "for a given footage" instead of  "for given footage"
in 389, it should say "... loss function" (not "loss functions")



Chaos ARTICLE pubs.aip.org/aip/cha

. Reconstructing attractors with autoencoders ©

Cite as: Chaos 35, 000000 (2024); doi: 10.1063/5.0232584
2 Submitted: 8 August 2024 - Accepted: 16 December 2024 -

@ ®

th

Q1

3 Published Online: 1l HE 2025 View Online Export Citation CrossMark
4 F. Fainstein,'>® & G. B. Mindlin,"? & and P. Groisman®
AFFILIATIONS
5 'Departamento de Fisica, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Ciudad Universitaria,
6 1428 Buenos Aires, Argentina
7 2CONICET—Universidad de Buenos Aires, Instituto de Fisica Interdisciplinaria y Aplicada (INFINA), Ciudad Universitaria,
8 1428 Buenos Aires, Argentina
9 3IMAS-CONICET and Departamento de Matematica, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires,
10 Ciudad Universitaria, 1428 Buenos Aires, Argentina
11 ® Author to whom correspondence should be addressed: ffainstein@df uba.ar
ABSTRACT
12 We propose a method based on autoencoders to reconstruct attractors from recorded footage, preserving the topology of the underlying
13  phase space. We provide theoretical support and test the method with (i) footage of the temperature and stream function fields involved in
14 the Lorenz atmospheric convection problem and (ii) a time series obtained by integrating the Rossler equations.
15  Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0232584
16  Unsupervised dynamical system model discovery requires extract- dimensions, and scaling functions is commonly used.”~ These fea-
17  ing the appropriate dynamic variables from data. Two main chal- tures help quantify the complexity of the flow but are insufficient to
18 lenges arise: (i) ensuring that the learned variables preserve the validate or refute a proposed dynamical system intended to model
19 topology of phase space and (ii) dealing with data that involve it. This limitation arises because topologically distinct systems can
20 either a subset of variables or an excessive amount, as in the produce attractors that share the same metric properties. To address
21  case of video recordings. Here, we propose a method based on this issue, a topological perspective was incorporated.”” In three-
22  autoencoders to address these challenges. We provide a frame- dimensional systems, for example, unstable orbits coexisting with
23 work under which we can expect the reconstructed flow to be a strange attractor can be reconstructed from data, and their topo-
24  topologically equivalent to the dynamics underlying the problem logical organization in phase space (i.e., how they intertwine or
25 being studied. form knots) provides a unique “fingerprint” for the data.” A model
incapable of reproducing the topology of the orbits reconstructed
from data can, therefore, be decisively refuted. Thus, the topological
structure of an attractor plays a critical role in building confidence
26 |. INTRODUCTION in, or rejecting, models. Furthermore, while parameter-dependent
27 In the natural sciences, many problems can be modeled in dynamical systems may exhibit different strange attractors as
28  terms of dynamic systems. For those problems, the state of the sys- parameters change, the topological organization of the unstable
29 temateach time corresponds to a point in a finite dimensional space, orbits coexisting with them remains invariant as long as the orbits
30 usually called the phase space. The temporal evolution is represented exist, offering a highly robust characterization of the flow—its true
31 by a trajectory contained on a manifold. Elucidating the dynamics underlying skeleton.”’
32 of the problem typically involves reconstructing and characterizing A common challenge arises on how to reconstruct the attrac-
33 the attractor (which represents the long-time behavior) from the tor when we have access to a subset of the variables or, as in a
34 available data.'”’ video recording, when we do have access to a large set of mea-
35 Various approaches have been employed to characterize attrac- surements, but the relevant variables are given by an unknown
36  tors of complex flows. One such approach is metric-based, relying nonlinear transformation. Currently, numerous approaches lever-
37 on the computation of distances between points on the attractor. age the breakthrough of artificial intelligence to propose algorithms
38  Within this framework, the calculation of Lyapunov exponents, aimed at overcoming this challenge (see, for instance, Refs. 9-17).
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65 In this context, autoencoders, a prominent architecture in the of each frame). This will determine the number of units in the first 116
66 realm of artificial neural networks, which learns a low-dimensional and final layers (ny = ny = d;). The parameters in the network are 117
67 representation of input data,’® has been a natural and potential chosen in a way that the sum of the squared differences between 118
68  venue to address this problem. Some autoencoder-based methods the network’s outputs and inputs, added over the whole dataset, is 119
69 have shown good performance in determining chaotic attractor’s as small as possible. The interesting aspect of the method is that the 120
70  dimension,””~*' similar maximal Lyapunov exponents as the origi- number of units in the middle layer ny, = dj < d;ischosenassmall 121
71 nal system,”””~** and dynamical equations have been fitted in the as possible. If the compression is pushed too much, there will be loss 122
72 latent space.'™'"*> A recent method optimized the learning task for of information and the decoder will not be able to assign a unique 123
73 quadratic systems,” and regularizations have been proposed to also output to each input frame. In other words, the successful recovery 124
74 learn projection fibers from data.”” Autoencoders have also been of a unique output for each input requires a unique representation 125
75  designed for the analysis of systems governed by partial-differential of each element of the input in the latent space. 126
76  equations (e.g., Refs. 13,22, and 28-30). Carrying out this type of training, it was observed both by pro- 127
77 Despite these advances, the topological validity of autoen- cessing synthetic movies and others from actual experiments that 128
78  coders’ low-dimensional representations lacks extensive studies, and the encoder induces trajectories in the latent space whose topologi- 129
79 it is still under investigation.”’*” In this article, we address this cal organization is equivalent to the ones of the original phase space 130
80 issue. We focus on the case in which the data have been measured of the problem being filmed.”»”> The reasons that guarantee this 131
81  byanarray of sensors that provide a temporally ordered sequence of property to persist in general situations remain veiled, and it is the =~ 132
82  frames capturing the spatiotemporal evolution of the system. Simple purpose of this article to propose a framework to solve this problem. 133
83  extensions for other cases are discussed. Our approach differs from
84 previous studies since through a formal mathematical argument, II. FORMAL PROBLEM STATEMENT AND PROPOSAL 134
85  we propose a framework in which the reconstructed flow preserves ) )
86 the topology of the underlying dynamics. This is explicitly demon- Let us assume that the dynamics of our phenomenon is 135
87  strated in the classic Lorenz model for finite-amplitude atmospheric described by a dynamical system, 136
88 convestlon" and by aflalyzmg the time series of one of the variables (1) = ¢ (y(1), ye . 3)
89  of a Réssler attractor.”
We do not have direct access to y, but our data are obtained through 137
90 A. The autoencoder the application of a function a € C2(# x A R%) such that for 138
. . . every fixed p in the manifold .4, @, = (-, p) is an embedding. The 139
a1 . An autoer.lcodef isatype of grt1ﬁc1a1 neure.il network spegﬁcally Vari;’ble p rl()epresents all the additpional dalia that are not re(zl;evant 140
92  designed for dimensional reduction. It comprises two fun.cnons, an for the problem but is saved when recording the movie. We will 141
923 ‘encoder (Ew) a}qd a dfcoder (D). The encoder maps the input data assume the existence of a function 8 such that for every p and y, 142
94 into a lower-d1men31onal spac.e, and correspondmgly, the decoc.ler B(@(7,p)) = y. This means that the video has been recorded in such 143
95  reconstructs the input from this encoded representation. Thefmids a way that all the relevant variables can be recovered from the movie 144
96 layer of the autoencoder, oftgn referred to as the latent space, serves frame by frame, and B is precisely the function that does so. For a 145
97 gs a compressed repres.entatllon of the data, where the most critical given fixed p, we have gl — a,. We do not have access neither to 146
98  information about the mp utis cgndensed. a nor B. We just observe x(t) = a,(y(t)) [but not y(t)] for a given 147
99 The autqe;}coder is usually implemented as a feeglggvard - background p and trajectory y(f). In words, a video recording is 148
100 rfl netwo1;k.~”’~” These' n'etworks are comp (,)SEd of l?yers of uniig related to the underlying dynamical system through an embedding, 149
101 ( neurons ), each P rgv1d1ng an output that. is a nonlin€ar function and the video has been recorded in such a way that all the informa- 150
102 of a linear combination of 1ts inputs. The inputs to N e tion not related to the dynamical phenomena can be separated (for 151
103 the ogtp ut.s from the preceding la;(rje):r. Spfaﬁ cally,. the S O,f a instance, a pendulum with a fixed background). 152
104 layer j having rj units, degoted asx” € RY, is obtained by applying The flow of a vector field ¢ on .# consists of the transforma- 153
105  afunction f; : R%-! — R" to the output of the previous layer, tions gy : .# — ./ converting every initial condition y, of Eq. (3) 154
K = f (x70) = o5 (W, 20D 4 b). 1) at time 0 into the value gy, of the solution at time #.”* The objec- 155
tive of our work is to build a low-dimensional representation of the ~ 156
106 Here, W; € R%""%~! and b; € R" are the layer’s trainable parame- flow from the movie (that we shall call g,), ensuring that it is topo- 157
107 ters, and 0;(-) is the activation function, typically nonlinear, applied  Jogically equivalent to the (unknown) flow (g,). The proposal will 158
108 element-wise. The autoencoder is often defined by the composition be the representation obtained in the latent space of a specifically 159
109 of N + 1 layers, trained autoencoder. 160
D) D) E) E) Two flows g,: .#, — .#, and go: .#, — .#, are topologi- 161
DyoBy=f" o0 X2 Of(N/Z oo 2 cally equivalent igf(pthere is a homeomirphism h: M — ///E mai— 162
110  The subscripts indicate which layers belong to the encoder and ping orbits of g, to orbits of go,, preserving orientation of the orbits.” 163
111 decoder components, respectively. Note that from our assumptions, the movie and the original phe- 164
112 Autoencoders can be trained with segments of time traces, sets nomenon are topologically equivalent so we can work directly with 165
113 of arbitrarily chosen features, or, as in our case, snapshots of our the recorded data. This means that if we want to ensure that h = E,, 166
114 spatiotemporal data. The training of a typical autoencoder proceeds provides a flow in the latent space topologically equivalent to g,, we 167
115  as follows. Each frame is a set of d; numbers (the number of pixels need to show that (i) the encoder E,, is an homeomorphism and (ii) 168
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169  the image of the trajectories in the input space is the solution of a because .Z] is small, E,, becomes an homeomorphism with inverse 218
170  dynamical system (ruled by a vector field ®). D,, as the size of the network and the training set goes to infinity. 219
171 We consider that our data are dense enough; i.e., either our What is not yet guaranteed is that the trajectories in the latent 220
172 dynamics support a strange attractor so that we are sampling an space are in fact solutions of a dynamical system. The trajectories 221
173  orbit that is dense or we have samples of several trajectories that formed as an image of an homeomorphism z(f) = E,, (x(f)) are not 222
174 fill up 4. We will assume that we are in the first case and con- generically solutions of a well-behaved vector field. As an exam- 223
175  sider only one orbit, x; = x(t,), t; € [0, T], with the labels ordered ple, suppose the homeomorphism E(x) = x° and the constant vector ~ 224
176  intime (i.e., t;y; > t; for every i). If we are in the second case, we can field x = —1. The solution of this problem, x(t,x, = 0) = —t, is 225
177  proceed similarly but taking several trajectories instead of only one. mapped to z(f) = —1*. The velocity of this trajectory is given by 226
178  We will guide the training with the loss function . = 1,.%} + 1,.%, z = —3¢2, which is zero at t = 0, so nonzero velocities in the domain 227
179  composed of the usual mean squared error, are mapped to zero velocities in the image. Moreover, the new vector ~ 228
1 field z = —32z%* has another solution for the initial value prob- 229
Liw) = — Z |(D,, o E,) (x;) — xil?, (4) lem, given by z(f,zy = 0) = 0. The image of the mapping is nota 230
Nr 4 dynamical system since uniqueness is lost. 231
180 and a second term given by The second term of our loss, .25, has been added precisely to 232
enforce that we have a dynamical system in the latent space. To 233
181 %(w) see this, we define a vector field in the latent space by taking the 234
5 directional derivative, 235
182 — ~ 1 . ‘ (Dw o Ew)(xi;—l) - EDW o Ew)(xi) _ 3;1'-%—1 - fi o ) 3Ew 8E (6)
T i+1 i i+1 i (5) (Z) a((p (x)) ( ) 8((;7 (D ( ))) ( W(Z))
Note that this is indeed the velocity field of the mapped trajectories 236
183  Here, w represents the parameters of the network (weights and since 237
184  biases), the sum is over all the training sets (of size Nr), and A,
185 and X, are order one parameters used to balance the relevance we z = i E,(x(1) = Ey(x(t + dt)) = By (x(®)) 238
186 may want to assign to each of the terms. They are interpretable. dt dt
187  The first term %, forces the network (D,, o E,,) to be close to the E,(x(t) + x(t)dt) — E,(x(t)) _ 9E, — (7) 239
188  identity function (i.e., the encoder and the decoder are close to be - dt T A(p () () = @),
189  inverse functions). As pointed out in Sec. I, this prevents different R
190  inputs to be mapped to the same point in the latent space. The sec- The second term (5) states that 240
191 ond term .% can be seen as a regularization term that (explicitly) o (D, oE,) __ oD, OE, D,
192  penalizes the lack of smoothness of the minimizer. In fact, it penal- e () T BE, (e (x) (x)) 3E, o5 P@rew. (8
193  izes the lack of regularity, but it does so just in the direction of the
194  flow. Moreover, we are requiring D,, o E,, not just to be smooth but This condition guarantees that nonzero velocities in the space of 241
195  also ask the directional derivative to be close to the one of the iden- frames are not mapped into zero velocities in the latent space; that 242
196 tity function [see Eq. (8)]. Note that we write the loss function for is, ®(2) # 0 if (x) # 0. Note that it also penalizes strong spatial ~ 243
197 the discrete dataset case. However, since the second term involves variations of @ in the latent space, as one would expect for a smooth- 244
198  derivatives of the network and the input data, both terms are fun- enough vector field defining a dynamical system. Therefore, in the = 245
199 damentally different in the limit as the size of the network and the ~limit as the size of the network and the training set goes to infinity, 246
200  dataset go to infinity. To clarify the role played by .%, let us assume, the phase flows g, and go are topologically eqqivalent: the homeo- 247
201 to fix ideas, that the output of the network is one dimensional. Let ~ morphism E, maps (by construction) orbits of X = ¢(x) to orbits of 248
202  us also suppose that, for given parameters, the network is defined z = ®(z) preserving orientation of the orbits. 249
203 by the function (D,, o E,;) (x;) = x; + € sin(kx;), with k large. If the
204  time steps t;;, — t; are small, the .#] loss is of order &2, while the .%, 11l. NUMERICAL WORK 250
205 loss is of order £2k%. Hence, we can have small .%, but with a large .
206 .%. These parameters are good candidates to minimize .Z;, but n%)t A. Spatiotemporal data 251
207 4+ B To numerically test our method, we generate a synthetic movie =~ 252
208 We assume that the autoencoder generalizes. That means that ~ motivated by the classic model developed by Lorenz for an atmo- 253
209  if through the training procedure we obtain parameters w such that spheric convection problem.” Considering a layer of fluid of uni- 254
210 Zis small, then the same will hold for all the input space () form depth H and aspect ratio a, Lorenz proposes a modal decompo- 255
211 € R4 (for a discussion on this mild assumption, see Refs. 39-42). sition for the stream function () and the departure of temperature 256
212 This forces E,, and D,, to be (equi) continuous (i.c., it is possible to ~ from the non-convective state (). He writes 251
213  obtain a bound for the modulus of continuity independent of the size . (Tax\ ., (Tz
214  of the network). For instance, if the network was trained with finite Y = ¢ X(#) sin (7) sin (ﬁ) , 9)
215  points in a periodic orbit, the ability to generalize allows the correct 258
216  prediction of intermediate points that were not used in the trainin, _ Tax\ . (TZ . 2nz
217  process, making the mapping (equi) continuous. This means tha?, 0 = ¥ cos (7) s (ﬁ) ~aZ(sin (7) ’ (10)
Chaos 35, 000000 (2024); doi: 10.1063/5.0232584 35, 000000-3
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259  where X, Y, Z are functions of time alone, and c;, ¢, and c¢; are con- Fig. 1(d) is not the famous attractor given by Lorenz equations but ~ 310
260 stants. Here, x and z denote the spatial coordinates of the problem. the one reconstructed by the autoencoder. 31
261  The dynamics of the modal amplitudes is determined by the famous To make a topological description, we use approximations of 312
262  dynamical system, the unstable periodic orbits coexisting with the strange attractor. 313
. The way in which these orbits are intertwined is a fingerprint of the 314
X=0(Y-X), system. The organization of the orbits can be algebraically described 315
Y=rX—-Y-XZ (11) by their relative rotation rates and linking numbers.” For two orbits 316
. of period one, one of period two, and two of period three, selected 317
Z=XY—bZ. from the test set, we compute the relative linking numbers.”>**** In 318
Figs. 1(e) and 1(f), we show the result in the original phase space 319
263 By numerically integrating this system with o = 10, b = 8/3, and and in the latent space, respectively. The evolution of the percent- 320
264  r = 28, we generate temporal series with 40 000 points (time step of age of networks with correct topology during the training epochs is 321
265 0.01). We discard the first 1000 points to avoid the transient state. shown on the right axis of Fig. 1(c). All networks learnt the correct 322
266 Settinga=H =1, ¢; = ¢; = 2¢3 = 1/20, and a spatial discretiza- topology. 323
267  tion of 0.025, we use these time traces and Egs. (9) and (10) to gener-
;gg ate a sequence of 40 x 40 pixel frames describing the spatiotemporal B. Time series data -
pattern for ¢ and 6.
270 To choose the proper training data set for our autoencoder, we Neural networks are flexible in processing diverse data types. 325
271 note that not every movie is an embedding. For instance, the movie Our method can be used with any data set that is the image of an 326
272 of a moving mass attached to a spring is not. However, if we place a embedding. A common example in the natural sciences is an exper- 327
273 flag attached to the mass, it is since the velocity could be recovered iment in which only one of the scalar variables of the system can be 328
274 from each frame. In our case, we need information of the stream measured. To illustrate this and test the method, let us consider the 329
275 function and the temperature, so we train an autoencoder with a Rossler system.”* The equations read 330
276  data set composed of inputs that contain both frames [see Fig. 1(a)]. )
277 The first 30 000 frames are used for training and the remaining 9000 X=-Y-2
278  frames for testing. s
279 The network architecture consists of initial and final fully con- Y=X+al, (12)
280 nected layers of d; = 40 x 40 x 2 units. The input is encoded into Z=b+7Z X —o).
281  the latent space through intermediate fully connected layers with
282 64,32, and 16 units. Similarly, the decoder’s hidden layers consist of Settinga = b = 0.1, c = 14, and a time step of 0.01, we integrate the ~ 331
283  fully connected layers with 16, 32, and 64 units [see Fig. 1(a)]. Sine system for 310 000 steps. To avoid the transient state, we discard the 332
284  activation functions are used for all the layers except the latent and first 1000 data points. We assume that the time series of the variable 333
285  output layers, they have no activation functions. The training pro- Y, {Y},Y,,..., Yy}, is the one we have access to. We build the data 334
286 cess is conducted with a batch size of 600 samples and 10° epochs. set with instances given by the map {xx} = {Y, Yit1,. .., Yirr ), with 335
287  The network is implemented in Python using the PyTorch library ~ k=1,...,N—L (L < N). If the instances are long enough, each 336
288  (version 2.1.1). The Adam optimization algorithm with learning rate one has a unique future and this map is an embedding.”” We set 337
289  107*, B, = 0.9, and B, = 0.999 is used, and scaling factors for the L =150 [see Fig. 2(a)], and we use the first 70% of the data set to 338
290 loss function are set to A; = 1, A, = 1/2 to ensure that both terms train the network, with the remaining data used for testing. 339
291  have a similar magnitude. We do not perform any systematic search The same network architecture described in Sec. 111 A is used, ~ 340()3
292  in the hyperparameter space to optimize the loss on the test set. except that now the initial and final layers have d; = 150 units. 341
293 The dimensionality of the latent space can be selected based Training is conducted with a batch size of 2% of the training data set 342
294 on the network’s performance as the number of units in the mid- size (4326 instances), for 1500 epochs, using the loss scaling factors ~ 343
295  dle layer is varied. In Fig. 1(b), we present the test dataset loss at A1 = land A, = 20. The dimensionality of the latent space is chosen 344
296  the optimal epoch for different numbers of units in the latent layer. to be three based on the performance of the network on the test set 345
297 Mean and standard deviation computed over 20 trained networks when the number of units in the latent layer is changed [Fig. 2(b)]. 346
298 are shown. We observe limited predictive power of the autoen- In Fig. 2(c), we show the evolution of the loss function during the 347
299  coder when the latent space dimension is one or two. However, with training process for 20 networks. 348
300 three or more dimensions, the autoencoder achieves a reasonable The encoder generates a flow in the latent space remarkably 349
301  reconstruction. This indicates that the predictive performance of the similar to the one in the original phase space [Fig. 2(d)]. To com- 350
302 autoencoder is closely tied to the dimensionality of the underlying pare the topology, we extracted approximations for the period one, 351
303 dynamical system. In fact, this analysis allows for the determi- period two, and period three orbits. Test set data points are used. 352
304 nation of both the latent space dimensionality and the system’s We show the relative linking numbers of these orbits in the phase 353
305 dimensionality. space [Fig. 2(e)] and in the latent space of a trained autoencoder 354
306 In Fig. 1(c), we show the average evolution, over 20 trained net- [Fig. 2()]."" The result of computing these links during the training 355
307  works and for a three-dimensional latent space architecture, of both process is shown in the right axis of Fig. 2(c). A rapid transi- 356
308 terms of the cost function. In Fig. 1(d), the reconstruction obtained tion indicates that all properly trained networks learned the correct 357
309 in the latent space for one of the networks is shown. We remark that topology. 358
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FIG. 1. (a) The autoencoder. Input data (of dimension d;) are encoded to and decoded from the latent space (of dimension d;). The values indicate the number of units in
each layer of the feedforward artificial neural network. (b) Loss of the test data set for training sessions with different number of units in the middle layer. Mean and standard
deviation over 20 trained networks, for each dimension, are shown. (c) Evolution of both terms of our loss function, measured in the train and test datasets, left axis. Mean
values over 20 trained networks, with their standard error are shown. Loss values are multiplied by their scaling factors. Evolution of the percentage of autoencoders with
correct topology in the latent space as a function of the training epoch is shown in a black dashed line, right axis. (d) Reconstructed flow in the latent space of an autoencoder.
Five Lorenz unstable orbits and their linking numbers in phase space (e) and latent space (f). Dot color indicates which orbit is above at the crossing point.
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FIG. 2. (a) Segments of Y(t) time series of the Rossler attractor are used as input data for the autoencoder. The values indicate the number of units in each layer of the
feedforward artificial neural network. (b) Test data set loss for training sessions with different numbers of units in the middle layer. The mean and standard deviation, computed
from 20 networks, are displayed for each dimension. (c) The network’s loss values as a function of the training epoch, left axis. Mean values and standard errors over 20
trained networks. Loss terms are scaled by their respective factors. The evolution of the percentage of autoencoders with correct topology in the latent space as a function
of the training epoch is shown in a black dashed line, right axis. (d) Reconstructed attractor in the latent space. Three periodic orbits and their linking number in the phase

space (e) and the latent space (f). The dot color indicates which orbit is above at the crossing point.
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359 IV. CONCLUSIONS work builds confidence on those efforts; by showing that if properly ~ 415
360 In this study, we propose a method based on autoencoders to trained, th? flows in tbe latent space are topologically equivalent to 416
361 reconstruct the dynamics of a system from recorded footage, pre- the dynamics responsible for .the data.‘ ) ) 417
362  serving the topology of the underlying manifold. The method starts Over recent years, machine l.earr.nng R s have pr.ov1ded 418
363 by creating a dataset that constitutes an embedding. If that is not FOOlS capabl(? O_f solving extrajtordmarqy c_omplex problems, includ- 419
364 the case, projections in the input space would remain as projec- ing the .predl.ctlon of dynamlcg Despite its apparent lack of neces- 420
365 tions in the latent space. For instance, in our Lorenz example, input sity to ,luumlflate the .underlymg mechanisms behind the learn.ed 421
366 frames of the temperature field alone would never lead to a recon- fiynamlcs, thl? work illustrates h9W the depth of the dynamlcs 422
367  structed flow without self-intersections in a latent space, regardless 1s‘embec.lded In some represen.tatmn of the networlf. This study = 423
368  of its dimensionality.” It is worth pointing out that it is not obvious, allgn.s with a seres of observations mad§ ACTOSSRATIOUS network 424
369  for an unknown problem, if given footage constitutes an embedding. arc.hltectures, a.nd it would not be SUrprising if similar represen- 425
370 Our previous remark can be used, in fact, as a warning on the quality tatl'on mechanisms 'could be formulated in t'hose cases as well. 426
371  of the footage. We also remark that networks should generalize since Th1s research contrlF)ut.es ‘to SR understanding ) of the nuanced 427
372 in that case, (equi) continuity can be expected. With these remarks, }nterplay between artificial 1ntell1gence and dyparplc systems, open- 428
373 the encoder becomes an homeomorphism as the size of the network ing avenues for further exploration and application across diverse 429
374 and the training set goes to infinity. architectural structureg 430
375 We showcase a modification to the loss function commonly
376  used to guide the parameter tuning of an autoencoder. The mapping ACKNOWLEDGMENTS 431
377 performed by the encoder is not guaranteed to be an embedding We acknowledge M. Fainstein for valuable comments on hard- 432
378  of the data: the encoder is not tuned to have a differential that is ware and software implementation. This work was partially funded ~ 433
379 invertible at any point but to be injective only in the direction of the by ANPCyT-FONCyT (Argentina) under Grant No. PICT-2018- 434
380 flow. Our training method guarantees that nonzero velocities in the 00619, Universidad de Buenos Aires (UBACyT, Argentina) and 435
381  phase space are not mapped to zero velocities in the latent space. For Consejo Nacional de Investigaciones Cientificas y Técnicas (CON- 436
382  example, limit cycles cannot be mapped to homoclinic orbits. This ICET, Argentina). 437
383 term also regularizes the velocity field in the latent space, as would
gglsl E;Sf;ffaed for a smooth-enough vector field defining a dynamical AUTHOR DECLARATIONS s
386 With this setting, the vector field in the latent space gives rise to Conflict of Interest 439
387 aflow thatis t.opologically equivalent Fo the one in the Phase space: The authors have no conflicts to disclose. 240
388 homeomorphism maps, by construction, orbits to orbits, preserv-
389  ing orientation. Without this modification in the loss functions, we I
390 observe in numerical experiments that the autoencoder is able to Author Contributions a4l
391  produce a topologically equivalent dynamical system in the latent F. Fainstein: Data curation (equal); Formal analysis (equal); Inves- 442
392  space in a significant number of fitting runs.””*” This might occur tigation (equal); Methodology (equal); Software (equal); Valida- 443
393  thanks to some kind of inducted bias/implicit regularization,”~*' but tion (equal); Visualization (equal); Writing - original draft (equal); 444
394 itisnot clear yet what kind of regularization might take place in par- Writing - review & editing (equal). G. B. Mindlin: Conceptu- 445
395  ticular runs. By adding the second term, we force the autoencoder to alization (equal); Data curation (equal); Formal analysis (equal); 446
396  have the regularization we need to ensure topological equivalence. Funding acquisition (equal); Investigation (equal); Methodology 447
397 We have shown that our method can be applied to both (equal); Project administration (equal); Resources (equal); Soft- 448
398 time series data and spatiotemporal problems displaying low- ware (equal); Supervision (equal); Validation (equal); Visualization 449
399  dimensional dynamics. In our numerical tests, we found that the (equal); Writing - original draft (equal); Writing - review & edit- 450
400 reconstructed attractors in the latent space of properly trained ing (equal). P. Groisman: Conceptualization (equal); Data cura- 451
401  autoencoders preserve stringent topological properties of the under- tion (equal); Formal analysis (equal); Funding acquisition (equal); 452
402  lying system. This was validated by examining how unstable periodic Investigation (equal); Methodology (equal); Project administration ~ 453
403  orbits, coexisting with a strange attractor, are linked to one another. (equal); Resources (equal); Software (equal); Supervision (equal); 454
404  The topological analysis presented in these numerical experiments Validation (equal); Visualization (equal); Writing - original draft 455
405  is specific to three-dimensional systems. However, we remark that (equal); Writing - review & editing (equal). 456
406  our theoretical arguments do not require the dimension of the
407 latent space to be precise or not larger than three. They hold in DATA AVAILABILITY 457
408  any dimension. For higher-dimensional attractors, other topologi- . ) )
409 cal tools would be required for numerical testing, such as persistent ~ The data that support the findings of this study are available 458
410 homology analysis. Such an extension will be provided in future within the article. 459
411 publications.
412 Recently, autoencoders were used to derive dynamical sys- REFERENCES 460
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